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Differentiation — Implicit & Parametric P3

Q1

The parametric equations of a curve are

x=26+sin268, y=1-cos26.

dy -
Show that — = tan 6. [5]
dx
Q2
The curve with equation y = 6e* — e has one stationary point.
(i) Find the x-coordinate of this point. [4]
(ii) Determine whether this point is a maximum or a minimumn point. 2]
Q3
The equation of a curve is x° + 2p° = 3xy.
dy y-x*
_ [4]

(i) Show that - i
dx 2y-—x

%

(ii) Find the coordinates of the point, other than the origin. where the curve has a tangent which is

parallel to the x-axis. [5]
Q4
The equation of a curve is y = x sin 2x, where x is in radians. Find the equation of the tangent to the
curve at the point where x = %}T. [4]
Q5
The curve with equation y = e sinx has one stationary point for which 0 < x < 7.
(i) Find the x-coordinate of this point. [4]
(ii) Determine whether this point is a maximum or a minimum point. [2]

Q6
The equation of a curve is xy(x + y) = 2a°., where a is a non-zero constant. Show that there is only
one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

[8]

point.
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Q7

X

Jfor—ir<x< %ﬂ', has one stationary point. Find the x-coordinate of this point.

The curve y =
cosx 2

[5]
Qs
The parametric equations of a curve are
x=a(26-sin26), v=a(l —cos28).
dy -
Show that — = cot 6. [5]
dx
Q9
The parametric equations of a curve are
X =acos L v=a sin® f,
where a is a positive constant and 0 < 7 < %fr.
. dy . .
(i) Express cl_ in terms of 1. [3]
X
(ii) Show that the equation of the tangent to the curve at the point with parameter 7 is
Xsinf+yvcosf =asinfcost. [3]

(iii) Hence show that, if this tangent meets the x-axis at X and the y-axis at Y, then the length of X'V

is always equal to a. [2]
Q10
A curve has equation y = e *tanx. Find the x-coordinates of the stationary points on the curve in the
interval —%TE <X < %JT. Give your answers correct to 3 decimal places. [6]
Ql1

The equation of a curve is X - _rzle - _\’3 =3.
e Ay .
(i) Find 7y in terms of x and v. [4]
x .

(ii) Find the equation of the tangent to the curve at the point (2, 1), giving your answer in the form
ax+by+c=0. 2]
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Q12
The equation of a curve is
xlny=2x+1.

. dy %
(i) Show that — = —=. [4]
dx - x°
(ii) Find the equation of the tangent to the curve at the point where v = 1, giving your answer in the
formax+by+c=0. [4]
Q13

, l-x
The diagram shows the curve y = \/ (r . :
: X ;

N _ . dy .
(i) By first differentiating Tox obtain an expression for a in terms of x. Hence show that the

gradient of the normal to the curve at the point (x, v) is (1 +x)+/(1 - x2). [3]
p
(ii) The gradient of the normal to the curve has its maximum value at the point P shown in the B o >
diagram. Find. by differentiation, the x-coordinate of P. [4]
Ql4 i

The diagram shows the curve y = +* Inx and its minimum point M.

Find the exact coordinates of M. [3]

i~
u

M

Q15

The parametric equations of a curve are

! -2t
X = . y=c¢ .
2+ 3

Find the gradient of the curve at the point for which 7 = 0. [5]

Qle
. dy X . .
Find d— in each of the following cases:
1

(i) v =In(l +sin2x), [2]

tan.x
(2]

(i) v

X
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Q17

The parametric equations of a curve are
_ v a2
x=In(tant), v=sin"1.

where 0 < 7 < %rr.

dy . -
(i) Express — in terms of 1. [4]
dx
(ii) Find the equation of the tangent to the curve at the point where x = 0. [3]
Q18
Inx
The curve y = — has one stationary point. Find the x-coordinate of this point. [4]
P
Q19

The parametric equations of a curve are

x=3(1+sin?1), y=2cos’t.

. ody R o . .
Find d_ in terms of 7, simplifying your answer as far as possible.
Ix

—
n
=

Q20
2x
The equation of a curve is v = o Show that the gradient of the curve at the point for which
+e
x=In3is 5. [4]

Q21
The diagram shows the curve with parametric equations
X=sinf+cost, y= sin’f + cos’t,

for L 3
t0r4n<r<4n.

d N
(i) Show that d—l =-3sintcost. [3]

(ii) Find the gradient of the curve at the origin. [2]

(iii) Find the values of f for which the gradient of the curve is 1, giving your answers correct to
2 significant figures. [4]
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Q22

The equation of a curve is 3x% — 4xy + y? = 45.

(i) Find the gradient of the curve at the point (2, —3). [4]
(ii) Show that there are no points on the curve at which the gradient is 1. [3]
Q23
The equation of a curve is y = 3sin.x + 4 cos> x.
(i) Find the x-coordinates of the stationary points of the curve in the interval 0 < x < . [6]
(ii) Determine the nature of the stationary point in this interval for which x is least. [2]
Q24

The parametric equations of a curve are
x=sin280-6, y=cos208+2sin6.

. dy  2cos0 _
Show that & Ti2ne [5]

Q25

. . e . .
The curve with equation y = —- has one stationary point.
X

(i) Find the x-coordinate of this point. [4]
(ii) Determine whether this point is a maximum or a minimum point. [2]
Q26

The equation of a curve is In(xy) —y* = 1.

dy y
(i) Show that — = —%——. [4]
dr x(3y°-1)
(ii) Find the coordinates of the point where the tangent (o the curve is parallel to the y-axis, giving
each coordinate correct to 3 significant figures. [4]
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Q27
The parametric equations of a curve are
4t
X = . v=2In(27 +3).
2t+3 ( )
. dy . L. .
(i) Express d_ in terms of £, simplifying your answer. [4]
X
(ii) Find the gradient of the curve at the point for which x = 1. [2]
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Answers:

Ql:

e | dv X
[ thil —= 2= ook —= i 4
Saile 7 loos 20 of 0 bl

Um & — El; *.l-hi
& dn g
: R
OB answer im iy correct e, g «——x
- ST
Mk redevant (tse of gl 2.7 wnd cos 24 fogeidiac
(et prven fmewer coreclly
Q3:
(1 Sue 2035°) 4 as erivative of 2y, or equivalen

dy
State 3x==+ 3y s derivative of Jxy, or equivalent
1l

g )
Salve for
il
Obtgin given answer comectly
[The M1 is depersdent on at lesst one of the B marks being obtained |
(ii) State or imply that the coordinates satlsfy y-x* =0
Obtain an equation in x (or in y)
Solve and obtain x = 1 anly {or = | only)
Substitule xo (or pe)valug in y=x° = O or in the equation of the curve

Obtain y = 1 only (or x =1 only)

Q5:

(i) Use coreet productor quotient rule
Obtan derivative n any correctform
Equate derivativeto 1o and sove for x
Obainster =7 or 765 it no s en

(i) Use an appropriate method for dtermining the nature ofasationary point
Shorw the pointis a maximum point with no emors seen

[SR: for the answer 45° deduc final A1 in part (i, and deduct A! in prt (i) i ths value n degrees is

used in the exponential

Fayzan Munawar

Associate of Royal College of Science, UK

BSc Mathematics (Imperial College London)
tutoring@learningmathonline.com WhatsApp: +1 718 200 2476
Facebook/Learning Math Online

Q2:
() Stte dervve s - ™
FITHER: Equate dervative o zero und simplify o an quation o e form ¢ =
Carry oot method for calculating 3, Where >0
()btain answer s <02 or 1‘q.n,\|i\‘nl, (0.7 or 0,46, 0 0.35)
(i Cary ot et Foedseminngthe e of Sy pi
St e )\Ii'\l i o

Q4.

Use product rule
Obtain derivative inany correct form

\ P . =
Form equation of tangent at x= ¢ correctly

Simplify answer toy=x, ory-x=10
[SR: The misread y = xsin x can only earn MIM1.]

Qé6:
Sulex’ %+ Dy, orequivalent,as derivative of 'y
k

7 d\ . .« 2
State y° +2.t|'d;. or equivalent, as derivative of ™
v
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Q7:

Use comect quatient or product il

I I

. o ¢ csr+e'siny

Obtaincorrecty the derivative in any fomm, e ————
wsx

Equate derivative fo zero and reach tan x= k
Solve forx

Ohtain_r=—%a (or-0.785) only (accept  in [-0.79,~0.78] but ot in degrees)

(The st three marks are ndependent. Fallcious log work foefets the MI*. For the M1 (dep) the
solution can i outside the given range and be i degrees, but the mark s not avalable ik = 0. The final
Als only given foran enfirely comect answer {0 the whole question

Q9.

dr 1. dy .1 .
(i) Slulcd—z-]acos fsint or Eﬂasm feost , or equivalent
[

(if) Form the equation of the tangent
Obtain the equation in any correct form
Obtain the given answer

() State the x-coordinate of X or the y-coordinate of ¥ inany correct fom
Obtain the given answer with no emors seen

Q1l1:

(i) State 2xy+x* % as derivative of x%y
by

) dy . ;
State 3y~ dl as derivative of y°
X

. dy
Equate derivative of LHS to zero and solve for e
X

. 3 y .
Obtain answer — =, or equivalent
X +3y°

(ii) Find gradient of tangent at (2, 1) and form equation of tangent

Obtain answer 8x — Ty — 9= 0, or equivalent
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Q8:

State or imp]yd—r=a(2—2ceslﬁ]ex L =2asin24
if if

(btain dl -
e (I-cos26)

,requivalent

Make use of correet sin 24 and cos 24 formuae

Obtain the give result following sufficient working

[SR: An atfempt which assumes a s the parameter and fa constant can only eam the two M marks. One
that assumes 6 s the parameter and a s a function of f can eam BIMIAOMIAQ]

(SR For an afternpt that gives a a value, e.g. 1, r ignores , give BO but allow the remaining marks)

Q10:

Use product or quotient rule

Obtain derivaive in any corret form

Equate derivative o zero and oblam an equation of the fomn a sin 2v=1, ora quadratic in an ,
st 1, 0r s 1

Carry out correet method for finding one angle

Obtain answer, e.g. 0.363

Obtain second answer 1206 and no others n the range (allow 1.21)

(Tgnore answers ouiside the given range.

(Treat answers i degrees, 20.9° and 69.1°,as a miseead |

Ql2:
. , 1 dy o
(1) State or imply ——= as derivative of Iny
vy

. xdy
State correct derivative of LHS, e.g. In y + id—)
yox

. . . . dy
Differentiate RHS and obtain an expression for d.i
x

Obtain given answer

(i) Stateorimply x=-1 wheny=1

Substitute and obtain gradient of 4
Correctly form equation of tangent
Obain final answery + dx + 1 =0, or equivalent
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Q13:

U

(if

Use quotient or product rule to differentiate (1 -x)/(1 +x)
Obtain correct derivative in any form

Use chain rule to find @
X

Obtain a correct expression in any form
Obtain the gradient of the normal in the given form correctly

Use product rule
Obtain correct derivative in any form
Equate derivative to zero and solve for x

Obtainx =+

Q15:

Use of correct quotient or product rule to differentiate x or ¢

Obtain correct

Obtain —2e

or unsimplified equivalent

7

2r+3)

' for derivative of y

dy L .
Use —= ¥/, or equivalent
dx i

Obtain—6

Alternative:

—bx
Eliminate parameter and attempt differentiation [ y=e J

=T

Use correct quotient or product rule
Use chain rule

—6x

Obtain &= =6 e "
dv (1-2x)

Obtain —6

Q17:

@

(i

d 2 .
EITHER:  State d—x: sec” £/ tant , or equivalent
/

dy . .
State % =2sinfcos! , or equivalent

Use & = & + E
de dr df
State or imply 1:%,7 whenx=0

Form the equation of the tangent at x= 0

; . - 11
(btain comrect answer in any horizontal form, e.g. y =¥e

2 |
[SR: If the OR method is used in part (i), give BI for stating or implying y=o o

g:l whenx=0]
& 2
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Q14:

Use correct product rule
Obtain correct derivative in any form

Equate derivative to zero and find non-zero x

Obtain x =exp(~1), or equivalent
Obtain y =-1/(3e), or any In-free equivalent

Qle:
kcos?2

. s 2x
(i) Obtain ————— for any non-zero constant k
1 +sin2x

2¢c0s2x

Obtain :
1+sin2x

(if) Use correct quotient or product rule

S
. xsec x—tanx .
Obtain ——————— or equivalent

X

2

Q18:

Use correct quotient or product rule
I

. - S
Obtai comect derivative i any o, e, -—~+—
o

Equate derivative to zero and solve for x an equation of e form Inx=a, wherea>(

. I
Obtain answer exp( 3 ), o 1.40, from correct work
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Qlo9: Q20:
Use Chﬁ(iin mule Use corect quotient or productrule r equivalent
obtain d_Y =6sinfcosf, or equivalent
f
Ay 2 o (142" &%
obtain s —6cos” tsint , or equivalent Obtain - T orequwalem
1+
Use Q = Q + E
dv  dr  dr
Obtain final answer Y — _cos Substitute v=1n 3 nfo atternpt at first. derivative and show use of relevant logarithm
dx property al least once ina correet contex!
Confirm given answer - legitimately
Q21: Q22:
(i) Differentiate y to obtain 3sin’ f cos £ - 3cos” £ sin f 0.e. o dy o N
(i) Obtain Zy(T as derivative of y~
X
Use & :@/ a Obtain -4y - 4XQ as derivative of ~4xy
dx dt dx dr
Substitute x = 2 and y = -3 and find value of Y
Obtain given result —3sin f cos 1 dr
(45
3 (dependent on at least one BI being carned and ) =0)
(ii)  Identify parameter at origin as /= Zﬁ dx

Obtain g or equivalent

Uset= 1;7 to obtain 3
4 2

(iii) Rewrite equation as equation in one trig variable ” ooy . oy L
eg.sindi=—2,9sin' x—9sitx+ 1= 0, tan’x + 3 tanx + 1 =0 (i) Substitute 371 in an expression involving E,x and y and obtain ay = bx
Obtain y =x or equivalent

Find at least one value of ¢ from equation of form sin 21 =k o.c. Uses y = x in original equation and demeonsirate contradiction

Obtain 1.9

Obtain 2.8 and no others

Q23: Q24:

(i) State derivative in any correct form, e.g. 3cosx ~12c0s” xsinx

_dy dy . .
Equate derivative to zero and solve for sin 2v, or sin.x or cos x Obtain 0 =2c0s20-lor T ==2sin 20+ 2 cos ), or equivalent

: |
Obta X=—n ) )
in answer x . Use dl:dl_;E
5 dv de dé
Obtain answer x=—7 & -2
2 Obtain 9. M or equivalent

W | A dv  2c0s20-1
Obtain answer x =— andno others in the given interval
2 At any stage use correct double angle formulae throughout

Obtain the given answer following full and correct working
(ii) Carry out amethod for determining the nature of the relevant stationary point
; ; 1
(Obtain a maximum al]—ﬂx correctly

[Treat answers in degrees as a misread and deduct A1 from the marks for the angles.|
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Q25:
(i) Use comect quotient or produet rule
_ A
Obiain comeet denvave inany orm, ¢4 ——-—~
Yo

Equate derativefo zero and sove & -emn equaion for non-zero x

j
Oblain = ;correcl]y

(i) Carry out a mefhod for deermining the nalure of  stationary point e.g, fst dervalive
cilher side
Show pointis & minimum with no emors seen

Q27:

(i) Either Use correct quotient rule or equivalent to obtain

dv  4(20+3)-8¢ .
—=———""—— orequivalent
dr (2t+3)°

Obtain 2= 4
dr 243

&
a

or equivalent

Use Q:
dx

e O equivalent
ar

Obtain 13(2.' +3) or similarly simplified equivalent
- . 3
(ii) Obtain 2r=3or r:E

. . . dy .
Substitute in expression for I} and obtain 2
x
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Q26:
1 1dy

(i) EITHER: State or imply X ¥ dn s derivativeof n 1, or equivalent

&
State or imply 3" d as derivative of ’, or equivalent
dy
Equate derivative of LHS to zero and solve for dx
Obtain the given answer

(ii) Equate denominator to zero and solve for y

Obtain y = 0.693 only
Substitute found value in the equation and solve for x
Obtain x = 5.47 only
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