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Functions P1

Q1
The function f is defined by f: x — ax + b, for x € R, where a and b are constants. It is given that
f(2)=1and £(5) =7.
(i) Find the values of @ and b. [2]
(ii) Solve the equation ff(x) = 0. [3]
Q2
The equation of a curve is 1 = 8x — x~.
(i) Express 8x —x” in the form a — (x + b)?, stating the numerical values of ¢ and b. [3]
(ii) Hence, or otherwise, find the coordinates of the stationary point of the curve. [2]
(iii) Find the set of values of x for which y = -20. [3]
The function g is defined by g : x + 8x — X%, forx > 4.
(iv) State the domain and range of g™ . [2]
(v) Find an expression, in terms of x, for g7! (x). [3]
Q3
The functions f and g are defined as follows:
f:x—x?—2x, xeR.
g:x—2x+3, xelR.
(i) Find the set of values of x for which f(x) > 15. [3]
(ii) Find the range of f and state, with a reason, whether f has an inverse. [4]
(iii) Show that the equation gf(x) = 0 has no real solutions. [3]
(iv) Sketch, in a single diagram, the graphs of y = g(x) and y = g~ ! (x). making clear the relationship
between the graphs. [2]
Q4

Functions f and g are defined by

f:x—2x—5, xeki,

4
o X > xelR, x#2.
= 2—Xx
(i) Find the value of x for which fg(x) = 7. [3]
(ii) Express each of ! (x) and g’] (x) in terms of x. [3]
(iii) Show that the equation £ (x) = g_' (x) has no real roots. [3]

(iv) Skeitch, on a single diagram. the graphs of v = [(x) and y = 1 (x), making clear the relationship
between these two graphs. [3]
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Q5
The function f : x — 5sin”x + 3 cos®x is defined for the domain 0 < x < 7.
(i) Express f(x) in the form a + bsin’x, stating the values of @ and b. [2]
(ii) Hence find the values of x for which f(x) = 7 sinx. [3]
(iii) State the range of f. [2]
Q6
The function f : x +— 2x — a. where a i1s a constant, 1s defined for all real x.
(i) In the case where a = 3. solve the equation ff(x) = 11. [3]
The function g : x +> x> — 6x is defined for all real x.
(ii) Find the value of ¢ for which the equation f(x) = g(x) has exactly one real solution. [3]
The function h : x +— x2 — 6x is defined for the domain x > 3.
(iii) Express x> — 6x in the form (x fpjz — ¢. where p and g are constants. [2]
(iv) Find an expression for h™! (x) and state the domain of h™!. [4]
Q7
A function fis defined by f: x +— 3 — 2 sinx, for 0° < x < 360°.
(i) Find the range of f. [2]
(ii) Sketch the graph of y = f(x). [2]
A function g is defined by g : x +— 3 — 2 sinx, for 0° € x < 4°, where 4 is a constant.
(iif) State the largest value of 4 for which g has an inverse. [1]
(iv) When 4 has this value, obtain an expression, in terms of x, for g ! (x). [2]
Q8
A function fis defined by f: x — (2x—3)° - 8. for2 < x < 4.
(i) Find an expression, in terms of x, for f'(x) and show that fis an increasing function. [4]
(if) Find an expression. in terms of x, for £ ! (x) and find the domain of £ *. [4]
Q9

Functions f and g are defined by

f:x— k—x forx e R, where k 1s a constant,

forxeR, x = -2.

(i) Find the values of & for which the equation f(x) = g(x) has two equal roots and solve the equation

f(x) = g(x) in these cases. [6]

(ii) Solve the equation fg(x) = 5 when k& = 6. [3]

(iii) Express g !(x) in terms of x. [2]
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Q10
The function fis defined by f: x — x* — 3x forx € R.
(i) Find the set of values of x for which f(x) > 4. [3]
(ii) Express f(x) in the form (x — a)? — b, stating the values of a and b. [2]
(iii) Write down the range of f. [1]
(iv) State. with a reason, whether f has an inverse. [1]
The function g is defined by g : x — x — 3+/x forx = 0.
(v) Solve the equation g(x) = 10. [3]
Q11

6
%3 for x = 0. ,

The diagram shows the graph of v = f(x). where f: x —

(i) Find an expression. in terms of x. for f'(x) and explain how vour answer shows that f is a
decreasing function. 3]

(ii) Find an expression. in terms of x. for f™! (x) and find the domain of £71. [4]

(iif) Copy the diagram and. on your copy. sketch the graph of v = £} (x). making clear the relationship
between the graphs. [2]

The function g i1s defined by g : x +— %.r forx =z 0.

(iv) Solve the equation fg(x) = % [3] o =
Q12
The function fis defined by f: x + 2x? — 8x + 11 forx € R.
(i) Express f(x) in the form a(x + 5)° + ¢. where a. b and ¢ are constants. [3]
(ii) State the range of f. [1]
(iii) Explain why f does not have an inverse. [1]

The function g is defined by g : x — 2x~ — 8x + 11 for x < 4. where 4 is a constant.

(iv) State the largest value of .4 for which g has an inverse. [1]

(v) When 4 has this value, obtain an expression. in terms of x. for g~ ! (x) and state the range of g~ *.

[41
Qi3
The function f i1s such that f(x) = (3x + 2)* — 5 forx = 0.
(i) Obtain an expression for £'(x) and hence explain why fis an increasing function. [31]
(ii) Obtain an expression for f~!(x) and state the domain of f~}. [4]
Q14
Functions f and g are defined by
f:x+ 4x -2k forx e R. where &k 1s a constant,
9
g X — forxe R, x = 2.
2—-x
(i) Find the values of & for which the equation fg(x) = x has two equal roots. [4]
(ii) Determine the roots of the equation fg(x) = x for the values of & found in part (i). [3]
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Q15
The function fis defined by
f:x+— 3x—2 for x e R.
(i) Sketch, in a single diagram. the graphs of y = f(x) and » = —1(x). making clear the relationship
between the two graphs. [2]
The function g is defined by
g x> 6x — x° for x e R.
(i) Express gf(x) in terms of x, and hence show that the maximum value of gf(x) is 9. [5]
The function h is defined by
h:x+> 6x —x~ for x = 3.
(iii) Express 6x — x> in the form a — (x — b)?, where @ and b are positive constants. [2]
(iv) Express h™!(x) in terms of x. [3]
Q16
The function [ is defined by [ : x +— 2x2 = 12x + 13 for 0 < x < A, where A is a constant.
(i) Express [(x) in the form a(x + b)z + ¢, where a. b and ¢ are constants. [3]
(ii) State the value of A for which the graph of y = f(x) has a line of symmetry. [1]
(iii) When A has this value, find the range of f. 2]
The function g is defined by g : x + 2x% — 12x + 13 for x = 4.
(iv) Explain why g has an inverse. [1]
(v) Obtain an expression, in terms of x, for g’l (x). [3]
Q17
Functions t and g are defined by
f:x—2x+1, xelR x>0,
2x — 1
gIxX v . xeR., x# 3.
X+ 3
(i) Solve the equation gf (x) = x. [3]
(ii) Express ! (x) and g*] (x) in terms of x. [4]
(iii) Show that the equation g_l (x) = x has no solutions. [3]
(iv) Sketch in a single diagram the graphs of v = f(x) and y = ! (x). making clear the relationship
between the graphs. [3]
Q18
The function fis defined by f: x +— 5 - 3sin2x forO < x < 7.
(i) Find the range of f. [2]
(ii) Sketch the graph of v = f(x). [3]
(iii) State. with a reason., whether f has an inverse. [1]
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Q19
The function f is defined by : x — 2x? — 12x + 7 for x € R.
(i) Express f(x) in the form a(x — b)Y2 — c. [3]
(ii) State the range of f. [1]
(iii) Find the set of values of x for which f(x) < 21. [3]
The function g is defined by g : x +— 2x + k for x € R.
(iv) Find the value of the constant k for which the equation gf(x) = O has two equal roots. [4]
Q20
The functions f and g are defined for x € R by
F:x s 4y — 232,
g x+— Sx+ 3.
(i) Find the range of f. [2]
(ii) Find the value of the constant & for which the equation gf(x) = k& has equal roots. [3]
Q21
The function [ : x +— 4 — 3 sinx is delined for the domain O € x < 2.
(i) Solve the equation f(x) = 2. [3]
(ii) Sketch the graph of y = f(x). [2]
(iii) Find the set of values of k for which the equation f(x) = k has no solution. [2]
The function g : x — 4 — 3 sinx is defined for the domain %n’ <x <A
(iv) State the largest value of A for which g has an inverse. [1]
(v) For this value of A, find the value of g’] (3). [2]
Q22
The function f : x — 2x% — 8x + 14 is defined for x € R.
(i) Find the values of the constant k for which the line y + Ax = 12 is a tangent to the curve y = f(x).
[4]
(ii) Express f(x) in the form a(x + $)? + ¢, where a, b and ¢ are constants. [3]
(iii) Find the range of f. [1]
The function g : x — 2x> — 8x + 14 is defined for x = A.
(iv) Find the smallest value of A for which g has an inverse. [1]
(v) For this value of A, find an expression for g_f1 (x) in terms of x. [31]
Q23
Functions [ and g are defined for x € R by
[:x—2x+3,
g x—x2-2x
Express gf(x) in the form a(x + b)2 + ¢, where a, b and ¢ are constants. [5]
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Q24
A function f is defined by ' : x — 3 — 2tan(Lx) for 0 € x < 7.
(i) State the range of f. [1]
(ii) State the exact value of t(3r). [1]
(iii) Sketch the graph of v = f(x). [2]
(iv) Obtain an expression, in terms of x, for —'(x). [3]
Q25
The function f is defined by
f(x) =x?—4x+ 7 for x> 2.
(i) Express f(x) in the form (x — a)? + & and hence state the range of f. [3]
(ii) Obtain an expression for ! (x) and state the domain of f~!. [3]
The function g is defined by
g(x)=x—2 for x> 2.
The function h is such that f = hg and the domain of h is x > O.
(iii) Obtain an expression for h(x). [1]
Q26
The diagram shows the function f defined for O < x < 6 by
X La? for 0<x<2,
X dx+1 for 2<x<o.
(i) State the range of f.
(ii) Copy the diagram and on your copy sketch the graph of y = 1 (x).
(iii) Obtain expressions to define f~!(x). giving the set of values of x for which each expr 2] !
valid.
Q27
Functions f and g are defined for x € R by
f:x— 2x+ 1.
g x s x2— 2.
(i) Find and simplify expressions for fg(x) and gf(x). [2]
(ii) Hence find the value of a for which fg(a) = gf(a). [3]
(iii) Find the value of » (b # a) for which g(b) = b. [2]
(iv) Find and simplify an expression for f 'g(x). [2]
The tunction h is defined by
h:xrsx?2 -2, forxs<O.
(v) Find an expression for h! (x). [2]
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Q28
. . - . . +3 ,
The function f is defined by f: x — 5 I xeR, x#5.
X =
(i) Show that ff(x) = x. [3]
(ii) Hence, or otherwise, obtain an expression for 1 (x). 12]
Q29
Functions f and g are defined by
f:x— 3x—4, xel.
gix— 2(x—1P+8, x> 1.
(i) Evaluate fg(2). [2]
(ii) Sketch in a single diagram the graphs of y = f(x) and v = =1 (). making clear the relationship
between the graphs. [3]
(iii) Obtain an expression for g’(x) and use your answer to explain why g has an inverse. [3]
(iv) Express each of £~ !(x) and g*1 (x) in terms of x. [4]
Q30
Functions f and g are defined by
f:x—2x2—8x+ 10 for0O<x<?2,
gIXI— X forO< x< 10.
(i) Express f(x) in the form a(x + b)z + ¢, where a., b and ¢ are constants. [3]
(ii) State the range of f. [1]
(iii) State the domain of 7', [1]
(iv) Sketch on the same diagram the graphs of vy = f(x). v = g(x) and y = f~!(x), making clear the
relationship between the graphs. [4]
(v) Find an expression for 1 (x). [3]
Q31

The tunctions f and g are defined for x € R by
frxw—3x+a.

g:x— b—2x,

where @ and b are constants. Given that ff(2) = 10 and g~'(2) = 3, find

(i) the values of @ and b. [4]
(ii) an expression for fg(x). [2]
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Q32
The function [ : x — x? — 4x + k is defined for the domain x = p, where k and p are constants.
(i) Express f(x) in the form (x + a)> + b + k. where a and b are constants. [2]
(ii) State the range of f in terms of k. [1]
(iii) State the smallest value of p for which f is one-one. [1]

(iv) For the value of p found in part (iii). find an expression for f~'(x) and state the domain of f7!,
giving your answers in terms of k. [4]
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Answers:
Q1: (i) a=2, b=-3 (ii) 4x-9

Q2: (i) a=16, b=-4 (ii) (4,16) (iii)—2 < x < 10 (V) x <16 g~1 = —4 (v) g~ 1(x) = V(16 — x)
Q3: (i) x < =3 &x > 5 (ii)f(x) = —1(iv)

10
(i) fg(x) = g first, then

=8/(2-x)—5=7
— x =121
3
(or fAY=7, A = 6, g(x) = 6, — x x%)
(i) £ = va(x+5)
Makes y the subject  y = 4+(2-x)
—g'=2-(a4+x)

(iii) 2-4/x =2 (x+5)
— X*+x+8=0
Use of b?-4ac
— No roots.

— Negative value

(iv)

Q7:

f: x> 3 - 2sinx for 0°< x < 360°.

(i) Range 1 <f(x)<5

(ii)

g: x — 3 — 2sinx for 0° < x < A°
(iii)Maximum value of A=90 or 27

(iv)y =3 - 2 sinx

A _ _4(3—x
g (x) = sin [ 2 ]

Q10: Q11 @
(i) ¥"-3x-4 — -vand4
— x<—land >4 .

(i) == (x=2) -4

(i) /o) (or y) = b

(W) Nalinverse—not1 1.
(vl Quadratic in Vx.
Solutlon — Vx =5 oy -2

— ¥=125

@iv)

Q5

6 (i) 5s%+ 3c% = 587+ 3(1—57)
>3 +2sin’x a=3,b=2
(i) 3+2s2=7s
Sets to 0 and solves.
s=%ors=3
Only values are /6 and 57/6

(iii) Minimum value =“a” = 3
Maximum value is "a + b” =5

Range 3<f(x) <5

8. f:x>(2x-3F -8
(i) f(x)=3(2x-3Fx2

Since ( )?is +ve, f'(x) +ve for all x
Therefore an increasing function.
(or tp. at (1.5, -8) M1. Compares
with y values at 2, or 4 + conclusion
A1)

(i) y=(@x-37-8

f:x>2x-a

Q6

(i) fix) =11, 2(2x—3)—3=11

[or backwards 2x -3 =11, x=7,

2x -3 =7 (M1), (M1)]

>»x=5

(ii)2x—a=x*-6x >x*—8x+a=0

Use of b’~4ac =0
>»a =16 (or inspection)

(i) x* = 6x = (x—3)2—9
>»p=3,q=9

(iv)y=(x—3)°-9
x=+\V(y+9)+3

y=h'(x) = (x+9)+3

Domain of h™' = {x: x = -9}

Q9 11 f-xrrk—x
o
e x+2
W & —x=
x 42

—» FA(2-E)x+ 924 =0
Use of &% — due
-+ a=4 or -8
k=4, roolts =& vy
2a

k= -8 rooles — 5.

2x-3= 3J(h+3) @ fax) = 6— "9_2
[ X+
1 i,c'(x+8)+3 Equates and solves with 5
— 'x) = R x=T
[or Igix) =5 —wg@x)=1 =-u=7]
Domain -7 <x=<117 pe 5
wi = - =2
() 2 x4 2 = »
92
glix)= ——2 or —
x
(x) = —6(2x+3)" x2 le
Always ~ve — Decreasing . f) = 2x% —8x+11
5 6 () f(x)=2(x—-2)*+3
2x+3
(i) Rangeis =3
— f'x)= L[ﬁ,-;]
2\x (iii)Not 1:1(2 x-values for 1 y-value)
or curve is quadratic — or has a
Domainof f ':  0<x=2 minimum value
9 > (Gv) A=2
s
£ V) y=2(x-2)*+3
y=3_ 2
5 z =, =2
-3
I:g(\')-Xi‘B B _{:21J(_y2 )
1.5 — x=1 Ty
[or, using ', — g(x) = %, => x=1.] — g Ty =2 x—3
[ M1 M1 Al] W 2
Range of g =2
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Q13:
X (r+2) -5
@) '(x) = 9(3x +2)° or 81’ + 108x + 36.
Because of ()" always +ve
Therefore an increasing function.

(i) y=(3x+2)°-5
Yr+5=3x+2
Vr+5-2

)=

Domain of f = range of f

—>x=3

Qle:

() 20— 120+ 13=2(x—3)-5
(ii) Symmetrical aboutx=3. 4 =6.

One limitis -5
Other limit is 13

(i)

(iv)

Inverse since 1:1 (4>3).

(v) Makes x the subject of the equation
Order of operations correct

|x+5
i

V2

—

+3

Q20:

f: x> dx—2x7,
g x—=>5x+3.

(i) Turning pointatx = 1.
Range is < 2.

(i) gfix)= 5(4x—2x")+3
= kand use of b* —dac
— k=13

Q24:

x> 3 - 2tan($x)
(i) Rangeoff<3

(ii) r(%if) =323

(iii)

i -3 x*
(iv) y=3 21an[2j

() = af3-x
(x) =2tan [72

Q14 frx—>dx-2k, g: x> ? Q15 faxiodn=2

2-x ®
36 7 w5k
() fa(x) = ———2k =x
2-x

X0+ 2 — 2x+ 36— 4k
(2k —2)* = 4(36 - 4k)
= Sor-7
(ii) x*+8x+16=0, x* —16x+64=0

x =4 orx = 8.

Q17 fix—=>2x+ 1, xeR, x>0 Q Q18 @ 2=fg=8 Q19
2x-1
gix> L xeR, x#-3.
x+3
@ gl = 22501 dxel (i) x> 35— 3sin 2x
g 2x+1+3 2x+4
Equates to x — 2x* = 1
— x="\2
i) ') =%x-1)
To find g ~'(x) , make x the subject
Order must be correct
. —1-3x 143x (iii) No inverse —not 1 : 1.
—g (0= or
x=2 2-x
(i) e L Pixii=0
—-X
Looks at 4* — 4ac
— negative — no roots.
Q21 f: x> 4-3sinx Q22 f: x> 2% —8x+14 Q23
(i) 4-3sinx=2 —» sinx=% (i) y+kc=12, Sim Eqns.
— x=0.7300r 2.41 2P Byt +2=0
Use of b — dac
b — (k-8 =16 —>k=120r4.
(i) 2x°—8x+14=2(x-2)+6
(i) k<1, k> 7. (iii) Range of f= 6.
iv) Smallest 4 =2
Gv) A4 = 37” ™
(v) Makes x the subject
) ) X Order of operations correct.
(v) sinx = % — or using inverse
g '(3) = 2.80 —
g'lx)= "‘X76 +2
Vo2
25 26 ‘ 27
Q i (x-27 Q (i) RangeisO<f(x)<4, Oto4 Q
(x-27+3
flx)>3

(ii) y=xdrawn or implied
. Correct sketch of [
(i) x-2=(2)/y-3

' (x)=2++x-3

domain is x> 3 (i) (x+)v2x for O<x<2

(x+)2x-2 for2<x<4
(iii) h(x)=x>+3

(i) gl = 6(3x

(iii) 6x

2)-(3x-2)
=-9x? +30x-16

d/dx = -18x + 30

=0 whenx=5/3

> Max of 9

(gfix) =9~ (3x ~ 5)° > Max 9)

£=9-(x-3)

@(iv) y=9-3-x?

3-x=%9-y
»h'(@)=3+V(9-x)

(i) 2x°—12x+7 = 2(x—3)* -11
(ii) Rangeof = —11
(iii) 2> —12x+7 <21
— 2x* —12x—14 or
2(x-3)* <32

—» end-values of 7 or —1
— —1<x<7

(iv) gf(x) =2(2x" —12x+7)+k =0
Use of b — 4ac
—> 247~ 16(14 + k)
— k=22

f:x—2x+3,

g:xl—)xz—Zx,
gfx) = (2x+ 3)" ~2(2x + 3)
=4x" +8x+3

=4(x+ 1)’ -1

() fo() =27-3,  gfix) = 47 +4x— |

(i)) 2a°-3=4a" +4a—1=2a" +4a+2=0
(a+1*=0

a=-1

(i) B*~b-2=0—>(b+1)b-2) = 0
bh=2 Allow b =—1 in addition

) =2

£le0= 262 -3)

¥ x=(2)r+2

h')=—x+2
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+3
o= 2x=1 T
2(x+3)_l 7

2x—1

x+3

2x—1
— 2xy—y=x+3
— x(2y—-1)=y+3
x+3
2x—1

(i) y=

— )=

or since ffix) =x,

f'(x) = fix) =

x+3 (M1, Al)
2x—1 ’

Q30:
i 2x-2)+2

(i) 2< f(x)<10 oe

(i) 2< x <10

(iv) f(x):z half parabola from (0,10) to (2,2)

g(x):lim: through O at = 45°
S (x):reflection of sheir f(x)ing(x)

Everything totally correct

) (Jr—2)Z = %(y —2)

x=2+ \‘."%(v—z)

Q29

Q31

Fayzan Munawar

Associate of Royal College of Science, UK
BSc Mathematics (Imperial College London)

tutoring@learningmathonline.com WhatsApp: +1 718 200 2476

fixr>3x—4 gixi2(x—1) +8

@) f(2)=[{10)=26
'

(i)

f:x—>3x+a, g: x—=b-2x

B Fx)=303x+a)+a
142) = 18+4a=10 — a=—2

h—x bh-2

2 2
or g(3)=2 - b-6=2 b=8

g'w)=

(ii) fe(x)=3(b—-2x)+a
= 22— 6x

vy '(x)

Q32

Facebook/Learning Math Online

(i) g'(x)=6(x— 1y’

g'(x) > — no turning points
— gis 1:1, ghas an inverse.

_x+4

Attempt at making x
Order correct. — 8, = 2, &F ,+1

-1 _sl\'xfﬁ
g (w)f“‘ b +1

@) (c—2F -4+k
(i) fix)>hk—4 or [k—4, o]or(k—4, ) oe

(iii) smallest value of p =2

(iv) x-2=@)y+4-k

x=2+\y+4-k

' (x)=2+Vx+4-k
Domainis x>k —4 or [k—4, =]
or(k—4, ©) oe
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