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Differentiation
Q1

- . 6 .
Differentiate 4x + — with respect to x. [2]
Q2
The diagram shows a glass window consisting of a rectangle of height 7»m and width 2»m and a
semicircle of radius » m. The perimeter of the window is 8 m.

(i) Express & in terms of . [2]
&
(ii) Show that the area of the window, .4 m>, is given by )
A =8r—2" - éi‘rr'z. [2]
hm
Given that » can vary,
(iii) find the value of » for which 4 has a stationary value, [4]
2
(iv) determine whether this stationary value is a maximum or a Iminimuimn. 2] o
Q3
. dy 2 . -
A curve is such that a = 3x" — 4x + |. The curve passes through the point (1, 5).
(i) Find the equation of the curve. [3]
(ii) Find the set of values of x for which the gradient of the curve is positive. [3]
Q4
A solid rectangular block has a base which measures 2x cm by x cm. The height of the block is yem
and the volume of the block is 72 cm®.
(i) Express y in terms of x and show that the total surface area, A cm?, of the block is given by
216
A=ax+—. 3]
X
Given that x can vary,
(ii) find the value of x for which A has a stationary value, [3]
(iii) find this stationary value and determine whether it is a maximum or a minimum. [3]
Q5
. 5 2
A curve has equation y = x~ + —.
X
: . dy . d%y
(i) Write down expressions for & and }, . [3]
dx dx-
(ii) Find the coordinates of the stationary point on the curve and determine its nature. [4]
Q6
. . 12 .
Find the gradient of the curve y = o— at the point where x = 3. [4]
X- —4ax
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Q7
The diagram shows the cross-section of a hollow cone and a circular cylinder. The cone has radius
6 cm and height 12 cm, and the cylinder has radius » cm and height 7 cm. The cylinder just fits inside

the cone with all of its upper edge touching the surface of the cone. /\
(i) Express 4 in terms of » and hence show that the volume, 7 em®, of the cylinder is given by A .
V=12m - 2m. [3] /
. - . .76““4.: )
(ii) Given that » varies, find the stationary value of 7. [4]
Q8 :
The diagram shows the curve y = x® — 3x% — 9x + k, where k is a constant. The curve has a minimum o~
point on the x-axis. / y=r=de=dcik
(i) Find the value of . [4]
0l .
(ii) Find the coordinates of the maximum point of the curve. [1]
Q9 A
The diagram shows the curve y = x(x — 1)(x — 2). which crosses the x-axis at the points O (0, 0),
A(1,0)and B (2. 0). | L
(i) The tangents to the curve at the points 4 and B meet at the point C. Find the x-coordinate of C. | A\ /B
- R, y
bl 24
=l \/

Q10

. - 2 .
The diagram shows an open container constructed out of 200 cm~ of cardboard. The two vertical end
pieces are isosceles triangles with sides 5x cm, 5x cm and 8x cm, and the two side pieces are rectangles
of length y cm and width 5x em, as shown. The open top is a horizontal rectangle.

200 - 24x°
i) Show thaty = ——————. 3
(i) Show that » o~ [3]
(i) Show that the volume, ¥ cm®, of the container is given by V = 240x — 28.8x°. [2]
Given that x can vary,
(iii) find the value of x for which 7" has a stationary value, [3]
(iv) determine whether it is a maximum or a minimum stationary value. [2]
Q11
The equation of a curve is y = (2x — 3)% - 6x.
dy d-y .
(i) Express Y and = 1n terms of x. [3]
dx dx=

(ii) Find the x-coordinates of the two stationary points and determine the nature of each stationary
point. [5]
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Q12

. . 8
The equation of a curve is y = 2x + —.
¥

dy d*y
(i) Obtain expressions for il and “1; [3]
dx dx

(ii) Find the coordinates of the stationary point on the curve and determine the nature of the stationary
point. [3]

Qi3

X cm

A wire, 80 cm long, is cut into two pieces. One piece is bent to form a square of side x cm and the

other piece is bent to form a circle of radius » cm (see diagram). The total area of the square and the
. . 5

circle is 4 ci~.

(7 + 4)x? — 160x + 1600

(i) Show that 4 = p= [4]
(ii) Given that x and » can vary, find the value of x for which 4 has a stationary value. [4]
Q14
. . _ 12
The equation ol a curve is y = —
Toxt 43
. . .. dy
(i) Obtain an expression for —. [2]
dx
(ii) Find the equation of the normal to the curve at the point P (1, 3). [3]

(iii) A point is moving along the curve in such a way that the x-coordinate is increasing at a constant
rate of 0.012 units per second. Find the rate of change of the y-coordinate as the point passes
through P. 2]

Q15

. dy 1 . .
A curve is such that (L_ = 3x? — 6 and the point (9, 2) lies on the curve.
X
(i) Find the equation of the curve. [4]

(ii) Find the x-coordinate of the stationary point on the curve and determine the nature of the
stationary point. [3]
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Q16

A solid rectangular block has a square base of side x cm. The height of the block is 2 cm and the total
surface area of the block is 96 cm?.

(i) Express /1 in terms of x and show that the volume, Vem?., of the block is given by

, 1,3
V =24y - 3x7. [3]
Given that x can vary,
(ii) find the stationary value of V, [3]
(iii) determine whether this stationary value is a maximum or a minimuin. [2]

Q17

The equation of a curve is y = 1(2x — 3)3 — 4.

.o dy
(i) Find —. [3]
dx
(if) Find the equation of the tangent to the curve at the point where the curve intersects the y-axis.
[3]
(iii) Find the set of values of x for which %(2.&' ~3) —4xisan increasing function of x. [3]

Q18

The diagram shows a metal plate consisting of a rectangle with sides x cm and y cm and a quarter-circle
of radius x cm. The perimeter of the plate is 60 cm.

(i) Express vin terms of x. [2]

rem

(i) Show that the area of the plate, A cm?, is given by A = 30x — x°. [2]

;
- V(N ———==— X (I —

Given that x can vary,

(iii) find the value of x at which A is stationary, [2]

(iv) find this stationary value of A, and determine whether it is a maximum or a minimum value. [2]
Q19

The length, x metres, of a Green Anaconda snake which is 7 years old is given approximately by the
formula

x=0.7v(2i-1).

where | €7 < 10. Using this formula. find
dx
. . 2
(1 & (2]

(ii) the rate of growth of a Green Anaconda snake which is 5 years old. [2]
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Q20

The diagram shows an open rectangular tank of height i metres covered with a lid. The base of the
tank has sides of length x metres and %.\' metres and the lid is a rectangle with sides of length }x metres 5
and %x metres. When full the tank holds 4 m® of water. The material from which the tank is made is P —
of negligible thickness. The external surface area of the tank together with the area of the top of the S
lid is A m?.

24
(i) Express £ in terms of x and hence show that A = %xz + ~ [5] I

(ii) Given that x can vary, find the value of x for which A is a minimum, showing clearly that A is a

minimum and not a maximum. [5]
Q21
A curve has equation y = T3 +x.
S
. dy d*y
(i) Find — and ~ 3" [2]
dx dx
(ii) Find the coordinates of the maximum point A and the minimum point B on the curve. [5]
Q22
The volume of a spherical balloon is increasing at a constant rate of S0cm? per second. Find the rate
of increase of the radius when the radius is 10 cm. [Volume of a sphere = %mj.] [4]
Q23

The variables x, vy and z can take only positive values and are such that

z=3x+2y and xy=0600.

1200
(i) Show that z = 3x + _— [1]
(ii) Find the stationary value of z and determine its nature. [6]
Q24
A curve is such that d—x = ———— and the point (1 l) lies on the curve
T TS T '
(i) Find the equation of the curve. [4]
(ii) Find the set of values of x for which the gradient of the curve is less than % [3]

Q25

A curve has equation y = 3 and P (2, 2) is a point on the curve.

/

(i) Find the equation of the tangent to the curve at P. [4]

(ii) Find the angle that this tangent makes with the x-axis. [2]

Page 5 of 9
© Copying or using this material without the consent of learningmathonline.com is strictly prohibited


mailto:tutoring@learningmathonline.com

Fayzan Munawar

Associate of Royal College of Science, UK

BSc Mathematics (Imperial College London)
tutoring@learningmathonline.com WhatsApp: +1 718 200 2476
Facebook/Learning Math Online

learningmathonline.com

Q26
2045
Differentiate ——— with respect to x. [3]
X
Q27
. dy 2 : .
A curve is such that — = ﬂ — 1 and P (9, 5) is a point on the curve.
(i) Find the equation of the curve. [4]
(ii) Find the coordinates of the stationary point on the curve. [3]
N . d’y . ‘ . .
(iii) Find an expression for — and determine the nature of the stationary point. 2]

(iv) The normal to the curve at P makes an angle of tan~! & with the positive x-axis. Find the value

of k. [2]
Q28
A curve has equation y = 3x® — 6x% + 4x + 2. Show that the gradient of the curve is never negative.
(3]
Q29
The diagram shows the dimensions in metres of an L-shaped garden. The perimeter of the garden is .
48 m. ey
(i) Find an expression for y in terms of x. [1] o N
(ii) Given that the area of the garden is A m?, show that A = 48x — 8x. 2] . ‘ 7

(iii) Given that x can vary, find the maximum area of the garden, showing that this is a maximum !

value rather than a minimum value. [4]

Q30

A curve y = f(x) has a stationary point at P (3, —10). It is given that f'(x) = 2x? + kx — 12, where k is
a constant.

(i) Show that k = =2 and hence find the x-coordinate of the other stationary point, Q. [4]
(ii) Find f”(x) and determine the nature of each of the stationary points P and Q. [2]
(iif) Find f(x). [4]

Q31

A watermelon is assumed to be spherical in shape while it is growing. Its mass. M kg. and radius,
rcm, are related by the formula M = kr®. where k is a constant. It is also assumed that the radius is
increasing at a constant rate of 0.1 centimetres per day. On a particular day the radius is 10 cm and
the mass is 3.2 kg. Find the value of k and the rate at which the mass is increasing on this day.  [5]
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Answers:
Ql:4—12x73
. 1 .. 2 1 2 iy A 8
2:( h=4—r—-mr(ii)8r —2r° —-nr* (ii)l—=8—-4r —nr, r=—
Q2: (i) 2 (i) 2 ( )dr ! 447
. dA? . ,
(iv) 5= —4 — 1 (negative, so Maximum)
031 Q4I (i) y =72+(2x%) or 36+x2 Q5Z l(i)dyldx=2x—2h(2 Q6: y = 2124
(y=x"-2¢+x (+c) . 2 o
(1,5) used to give ¢=5 ’ d?yldx® = 2 + 4/°
(if) dA/dx = 8x — 216+x° (i) dyldx=0 2x-2/=0 3—11—12&2 —4x) 2 x(2x - 4)
0 when 8x*=216 = = =
(i) 3-x+150 — x=3 >X=1x=1y=3 o
— end values nl‘land_% If x =1, d?y/dx* > 0, Minimum If x =3, d—y=f§
Sox<d and x>l (i) Stationary value = 108 cm?
: PA/dx=8+4325x°
— Positive when x=3 Minimum
Q7: i similar triangles o trig (tan = opp/h Q8 o Qo: S DR Q10: [ Heght=13x
(i) 6\m|arrr\ang es o; ng;anz opp/hyp) 0 ."=>‘,"‘r Ox4k I y=x ¥ ) 1084 + 3‘“"3"2 = M0
oo T (1) dyldr=3x"-62-9 8 32 G a2 200 - 24
- V=m'h - V=12m"-2n" =) whenx=3ors=| dr s el
a3y k=2 AADLmE 1 —y=—lx-1) el Y .
MBRO me2 — p=2s-2 {y V= ‘:‘Sl.l\'l' = Ml)x - 2885
iy dvidr =24z - 6ar° i -] - oy~ o ,. 5 -
o () r=- y=32 Sim equations  — x = &
=0when r=4 — V=64 (or201) (i) AN =240~ 8645
e
<0 when x= 13
oy, L
(iv) —==1728x
dx
= =y~ Maximum
Q1l1: Ql2 ; |dv_, 16 Q13: O 4+2r=80 Q14: ,__ 2
dx7 P A=x+m" XT3
FEN A:(n+4)¥’—1601+l600
= (2%x—3) - =2 i )
e e & 7 @ Y- neesytaon
d dx
O L=ax@csrx2 -6 S| dy i 2r+4)x-160
dx (ii) —=0 — x=2,y=6. i) —=22T 7 = _ _ 3
dr i - - (i) Atx=1,m=-2
d’y 'y . 60 m of normal = %4
F.: 12%(2x-3) x 2 5 is tve Minimum. =0whenx= Newd) orll.2 Eqn of normal
y 3:§(«Y 1)
(i) sp— %’m — (23 =1
(iii) Y & E:7§><0.012
— x=2o0orx=1 dr dx dr :
— —0.018
Ifx=2,2"diff=+ve — MIN
Ifx=1,2"diff =-ve — MAX
Q1l5: Q1le: (i) 4xh+2x" =96 Q17: y:g—(Zx—3)’—4x Q18: W 235*2)’*7:60
dy - 24 x d
2L =3Jx-6 (9,2 e o b 2
5 - Hx-6 0.2 - h=— @ =x3x(2x-3)y =24 H),zsof,V%
1 s X
G },:3276““,) V=xh - V=24x 5 i
2 P
i) x=0, y= -2 i) A=xp+
(9.2) 2=54-54+¢ o odr_, 3 @ x=0y= - W A==y
L (ii) o B y+&=5x > 2y+9=10x P
= Owhenx = 4 =)~'(30‘x‘7)+7
Ly > V=64 B N
(ii) . =0 > x=4 i) (26—37 -4 (>0) —30x - x
&'y _3x . S x=2hork
dx 2

—> +ve (or %) Minimum

— x>2W%, x <

d4
iii) — = 30—2i
(iii) " x

X

=0whenx=15cm

(iv) Max.
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Q19: Q20: @ 4%
i 112 (. 1 5 4
(i) (k2t-1) i A= x4 2x st 2xh+ S T
0'7(% 1) A= (3/2)x” +3xh
A :% v +3,a-x%
(ii) Sub /=5 into their deriv a=2x428
0.23(3
( ) (i) ‘f’ 3 2? =0
v .
d’A _ 5 48
dx” X
= 0 when x = 2 hence minimum
Q23: Q24:
_ -
() z=3x+ 2(@J or x@ =600 OF o L
X _
> AG 3(1+20)°
y=2 _2) +(0)
iy E- _1200 o E_, 180 Sub (1, (1/2))
d‘{ X dy y’ 3
=0->x=20 or  =0-5y=30 7 Cgte=e=l
120
Ty =10 (i) (14 20°()9 or 4 +4r-8()0 OE
d’z 2400 1,72
PR x> Lx<-2 ISW
X X
>0 = minimum
Q27: Q28:
dy 2 S
dr  Jx -1 PG5 — =0x>-12x+4
o
i
- -2y >
i) y=4Jx—x(+e) (33!? 2) 20

Uses (9, 5) in an integrated expression
—c¢=2

(i) Q:U —x=4,y=6
dx

i) 92 =T e — Max
d x
(iv) & = L Perpendicular m =3
dx 3
tanf =3 Angle is tan™'3
k=3
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1

Lo L

dx (.r73)"
4’y _ 2

dv? (x— 3)3

+1

(i) (x-3)=1=x-3=¢%1
x=4,2
y=51

d’y
When x=4 ',“)0{=2):mm
dy”

d I <0(=-2) = max
2

Whenx=2

4
3x—-4

Y -43x-47  x 3
dx

Ifx=2m=-3
Eqn of tangent y—2=-3(x-2)

{an0 = £(-3)
- 6=+1084° (or+71.6°)

or scalar product, tanf) = y-step + x-step
or use of tan (4 — B) M1A1 for each

o
® 'v_6(48—8x) o¢

(i) A =4xy+2xy or 3xy+3xy = 6xy

A= x(48 —8x) = 48x - 8x°

(iii) ﬁ =48 —16x
foi
A=72 cao

54

&

=-16 (<0)=Maximum

_ 30 1 00308
4z=x10° 87w
Q26:
W5 ., 5
y= = +=
X X

didx= ﬁlx—i2 or 4 =51

X
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Q30: Q310 1000k =32 = k= =2 or -2 6r0.0032 oe

i) f3)=0=18+3k-12=0 1000 625

k=-2 [ﬂ]:m?

(x-3)(x+2)=0 dr

x=-2, (Allow also =3 ] ] 2

( ) dM:dMXg used e.g. 3xkx10°x0.1

T e dr
(i) M"(x)=4x-2 0.096

f(3) > 0 hence min at P
{"’(-2) <0 hence max at O

(iii) fix) :§x3 —x* —12x (+¢)

Sub (3,-10) - -10=18-9-36+¢
c=17
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